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Abstract-Although many investigations have been performed on localization problems, there still
exist some pressing issues. Specifically, it is difficult to show in general well-posed governing
equations. Based on the essential features of localization phenomena. a partitioned-modeling
approach is proposed here via moving jump conditions for localization problems. By taking the
initial point of localization as that point where the type of the governing differential equation
changes, i.e. a hyperbolic to an elliptic type for dynamic problems and an elliptic to another elliptic
type for static problems, a moving boundary between localized and non-localized deformation zones
is defined through jump forms of conservation laws across the boundary. As a result, localization
problems might be considered in the same category as shocks in fluids and solidification in heat
transfer. To illustrate the proposed procedure, one-dimensional analytical solutions are given with
an emphasis on the definition of boundary conditions and the experimental means to determine
model parameters associated with localization. Future research is then discussed on an extension to
general cases.

I. INTRODUCTION

Localization is manifested by degradation of material properties with localized large defor
mations, and this feature often results in formation and propagation of macrocracks
through engineering structures. Due to the importance of localization phenomena in struc
tural safety assessment, much research has been conducted to resolve experimental, theor
etical and computational issues associated with localization problems, as reviewed by Chen
and Schreyer (1994). Among the continuum models proposed are nonlocal plasticity and
damage models, rate-dependent models, Cosserat continuum models and micromechanical
models. To predict the essential feature of localization, several specific forms of nonlocal
models have been suggested and include the use of gradients of strain (Chen and Schreyer,
1987; Muhlhaus and Aifantis, 1991; Triantafyllidis and Aifantis, 1986; Schreyer and
Chen, 1986), imbricated continua (Bazant et al., 1984). prescribed zones of localization
(Pietruszczak and Mroz, 1981) and weighted integral averages of damage (Pijaudier-Cabot
and Bazant, 1987). Recently, research on localization has been focused on resolving more
efficiently different orientations and patterns of localization zones so that routine appli
cations of localization analyses might be feasible (Chen and Schreyer, 1994; De Borst et
al., 1993; Neilsen and Schreyer, 1993; Pijaudier-Cabot and Benallal, 1993; Pietruszczak
and Niu, 1993; Vardoulakis et al., 1992; Zbib and Jubran, 1992). Although various
promising analytical and numerical approaches exist in the current literature, there are still
some pressing limitations that prohibit the successful prediction of localization phenomena
in a general case. Among the continuum models proposed, for instance, the experimental
means to identify model parameters and the physics behind boundary conditions are not
well understood for higher-order models; mode-I failures cannot be properly regularized
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by the Cosserat approach: and the slow loading rates or the rate-independent limit generally
can not be specified by rate-dependent models. More importantly, it is not easy to show in
general well-posed governing equations as defined by John (1982).

In fact, the key component of various modeling approaches for localization is nothing
but controlling the evol ution of inhomogeneous interactions among material particles
within a zone of finite dimension. In a macromechanical sense, however, the evolution
process might be eq ually well characterized by the formation and propagation of a material
surface discontinuity associated with a change of material properties. Based on the essential
features of localization phenomena observed and on the previous work related to nonlocal
models, a partitioned-modeling approach has been proposed with the introduction of
moving boundaries for nonlocal plasticity and damage (Chen, 1993a,b; Chen and Wang,
1993). The basic ingredients of the approach are that different local constitutive models are
used in different sub-domains with a moving boundary being defined between two sub
domains, and that the constitutive law governing the boundary is of an ad hoc nature based
on localization mechanisms. As a result, simplifled governing differential equations can be
formulated in the partitioned domains for given boundary and initial conditions, and the
evolution of localization can be represented by the moving boundary without invoking
higher order terms.

To establish a sound mathematical foundation for the partitioned-modeling approach,
an attempt is made in this paper to investigate the use of moving jump conditions in defining
the moving boundary. By taking the initial point of localization as that point where the
type of the governing equations changes, i.e. a hyperbolic to an elliptic type for dynamic
problems and an elliptic to another elliptic type for static problems, a moving boundary
between localized and non-localized deformation zones is defined through moving jump
forms of conservation laws across the boundary. Jumps in density, velocity, strain and
stress can be accommodated on this moving surface of discontinuity between the two zones.
As a result, localization problems might be considered in the same category as shocks in
fluids and solidification in heat transfer. In other words, those phase-transition problems,
as characterized by the change in the type or coefficients of the governing equations (Chen
and Clark, 1994). might be handled via a unifled approach in terms of jump conditions.
To illustrate the proposed partitioned-modeling procedure with the use of moving jump
conditions, one-dimensional analytical solutions are given with an emphasis on the defi
nition of boundary conditions and the experimental means to determine model parameters
associated with localization. It appears Ihal rate-independent local constitutive models
can still hold in the post-limit regime within partitioned-domains, and the evolution of
localization can be simulated by the moving boundary that is defined via a set of moving
jump conditions.

2. ;\ 01\E-DIMEI\SIOf\AL ANALYTICAL APPROACH

An analytical method to solvc a one-dimensional localization problem can be found
under ccrtain assumptions as elucidated next, although analytical solutions to localization
problems might not be feasible in general duc to the complexity of the mechanisms involved.
Because of the novel nature of the partitioned-modeling approach with moving jump
conditions, the analytical solutions presented provide a heuristic way to an extension to a
general casco A numcrical approach for three-dimensional problems might then be
developed bascd on an analytical foundation. Since the essential feature of the proposed
method is to employ a set of jump forms of conservation laws, basic concepts in this regard
are first reviewed in the next subsection. and analytical solutions are then given and
discussed in the remaining subsectiom.

2.1. Jump forms 0/ conserml ion !ems
For a tensile bar of length L as depictcd in Fig. I (a) with u being displacement in

direction x, the conscrvation laws of mass and linear momentum in the spatial description
(Achenbach. 1984) takc thc forms of
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Fig. l. (a) Bar analysed; (b) Jump across a moving boundary in the xI-plane; (c) Separation of the
bar into two zones.

P.t+(pV).x = 0 (I)

(2)

respectively. In eqns (I) and (2), P denotes the mass density, v particle velocity along the
x-axis, t time and (J normal stress. The jump forms in the xl-plane corresponding to eqns
(I) and (2) can be found via a standard procedure (Chorin and Marsden, 1979) to be

(3)

and

(4)

respectively. The symbol LfJ=r (Xb, l) - f~ (Xb, l) represents the jump in the relevant field
variables across a moving boundary denoted by Xb, as shown in Fig. I(b), and Vb is the
speed of the moving boundary in the xl-plane. These jump conditions place a restriction
on the possible states that can exist on either side of the discontinuity moving with velocity
Vb' To make use of the jump conditions, the entire bar is replaced with two zones partitioned
by the moving boundary, as shown in Fig. I (c), if localization occurs.

Because of the ease in obtaining analytical solutions, the small deformation assumption
is employed below to derive the differential equations governing the zones to the left and
right of the moving boundary. However, the jump conditions in eqns (3) and (4) are kept
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in a general form since the assumption that deformations within each zone are small does
not preclude the possibility of large jumps in quantities between the zones.

2.2. Analytical solutionsfof a dynamic case
The equation of motion for a dynamic bar in the absence of body forces can be written

as

(J\ = PUff

in the ;tt-plane. and the strain-displacement relation reads

;; = L(.\

(5)

(6)

with I: being normal strain. IC the stress-strain relation is linearly elastic with Young's
modulus __E. the differential equation governing the wave traveling at the speed
Co = V Ep along the bar is hyperholic, and standard analytical solutions are available
(Achenbach. lyg4). The stress is doubled when the stress wave front reaches the rigid
boundary aty = O. and the localization occurs at that point if the doubled stress exceeds
the limit strength. However, the evolution of localization can not be predicted by rate
independent local constitutive models due to the ill-posed resulting governing equations at
the transition from the pre-limit to the post-limit regimes (Chen, 1993a).

To remedy the deficiency of local models, it is assumed here that the change of type of
the equations initiates a moving boundary of discontinuity associated with a change of
material properties. Thus. the entire problem domain can be divided by the moving bound
ary into two parts, as illustrated in Fig. I (el, as long as the limit strength is reached at
x = O. Two kinds of local models are then used in the partitioned domains to the left and
to the right of the moving boundary. respectively, which results in an elliptic equation
inside the localization zone. ln other words, the initial point of localization is defined as
that point at which a hyperbolic equation is changed to be an elliptic one. If nothing is
imposed, the problem is not solvable. If a regularity condition in time is imposed for
the elliptic region through the moving boundary, a solution can be obtained. With the
displacement continuity. U-(Xh' t) = U+(Xh' t), imposed across the moving boundary, ana
lytical field solutions to the governing equations can then be determined for the entire
domain under given boundary and initial data, as described as follows.

For the domain to the right of the moving boundary, i.e., Xh < x ~ L, the original
elastic relation

(7)

still holds with the superscript +denoting the field variables outside the localization zone.
Hence, the governing differential equation is still hyperbolic, namely,

E
+ + 0

-~u.x'y-U,f( == .
P

However. the boundary and initial data in the ,ott-plane now become

u+(L, t) = at

U+ (x, 0) = 0

(8)

(9a)

(9h)

(9c)

(9d)
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Fig. 2. (a) Solution domains partitioned by a moving boundary. '" = 1',.(1-/,). for a dynamic bar;
(b) Parallelograms bounded by four characteristic curves as indicated by dashed lines.

u.~(x, 0) = 0 (ge)

with lL = LIve being the time taken for the elastic wave front starting at x = L at t = 0 to
reach the point x = 0, and a a constant velocity prescribed at x = L. The assumption that
Vb is constant has been made in eqn (9c) to obtain a closed-form solution. As can be seen
from the above data and Fig. 2(a), the problem reduces back to elastic wave propagation
with ± Ve being the slopes of characteristic curves. if eqn (9c) is deleted. Nevertheless,
analytical solutions to eqn (8) under given data in eqn (9) still follow the standard forms
for all the points to the right of the moving boundary Xb = Vb(t- lL) in the xl-plane. It
should be noted that Vb < Vc has been assumed in Fig. 2(a), which is consistent with fracture
mechanics theory, and that Xb should not reach x = L at failure.

For the domain to the left of the moving boundary, i.e. 0:( x < Xb, a rate-independent
local softening model is postulated as

(10)

where f3 is a softening parameter, and (JL limit strength with 8, = (J,/E. The superscript -
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denotes the field variables inside the localization zone. Equation (10) describes phenom
enologically the degradation effect on the stress-strain relation, and holds as long as the
boundary of discontinuity moves to the right monotonically, which implies no unloading
occurs within the localization zone. Analytical solutions obtained by Bazant and Belytschko
(1985) for local softening models also exclude the possibility of unloading. However, the
evolution of localization can not be predicted with their approach because no jump in the
mass density is allowed. As can be found from eqns (3) and (4), no jump in density results
in no jumps in other field variables. Hence, a jump in density must be invoked if a local
model is used to predict the moving boundary ofdiscontinuity associated with the evolution
of localization.

The use of eqns (5), (6) and (10) yields the differential equation governing the local
ization zone,

f1E. - 0·_·un+u. tt =
p.

(II)

which is elliptic due to the softening of material properties. The following set of data is
prescribed for eqn (11) :

u (0, t) = 0 t > tL

U (X,tL+X)=U-(Xb,t) t>tL
l\

(l2a)

(l2b)

(12c)

(l2d)

in which a limit point is initiated at x = 0 with G = GL' The physical interpretation of the
parameter SF is that the load-carrying capacity of the bar is lost if a final average strain over
the localization zone is reached for which continuum theory does not hold any more. As
can be observed from Fig. 2(a), the above set of data is defined along a closed triangle, and
eqn (12d) is imposed on the solution as a regularity condition.

Equation (II) with the boundary data in eqn (12) has a unique solution once Vb and
U- (Xb' t) are determined. The solution can be expressed as

(13)

with Clb CI, C2 and c, being the constants to be determined from given data. The use of eqns
(12) and (13) then yields the displacement, velocity, strain and stress fields inside the
localization zone:

(14a)

(14b)

(14c)

(14d)

which must be related to the response outside the localization zone for the completeness of
the physical problem. The response information can be transferred between the two parts
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of the bar through the displacement continuity at the moving boundary. In fact, the
analytical solutions to eqn (8) under given data in eqn (9) are also incomplete without
invoking the displacement continuity condition and jump conditions, as illustrated as
follows.

Based on the theory of hyperbolic differential equations (John, 1982), it follows that
for any parallelogram A'B'CD' in the .\:'(-plane bounded by four characteristic curves as
shown in Fig. 2(b), the sums of the solutions to cqn (8) in opposite verticcs arc equal,
namely,

u(AHu(C') = u(B')+u(D'), (15)

Thus, for any point A in the XI-plane betwecn the moving boundary x" = Vb(t - td and the
characteristic curve X = l'e(t - t l ) originating at the point (0. II)' we have

(16)

Since the continuity condition requires II t (B) = u (B) and we can find along the line CD

! x-L\
II =a(I+---:'

\ i'('" /
(17)

with <f) = (f+ If I )/2, the solution u f (A) can be determined as long as the relations
among the coordinates of the points A. B, C and D are known. As can bc seen from Fig.
2(b), the response information from the localization zone only affects the solutions at the
points between lines Xb = 1',,(1 - 1/) and X = vc(1 - II) originating at the point (0, Id, due to
Vb < Ve ·

Based on analytic geometry, the coordinates of the points B. C and D, as functions of
the position (x, I) of point A. are given by

and

(1'" + l'J[x- Z:e(l- II)]
= ~- - -i(z~-=~'J----

(1'" + z:J(x- Z:J) -l'JI(I'c - 31.',,)
------ -----

21'c(z:,,-l'J

f
IlJ = ~~-t-l)c(l=tl)
. ..,

I I lJ =\:~-t-l'e(I±-~)
I\.... 21\;

(18)

(19)

(20)

respectively. With the use of eqns ( 14a), (16) and (17), it follows that outside the localization
zone the displacement field is given by
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(21 a)

After calculating derivatives of eqns (18)-(21a) with respect to x and t, respectively,
corresponding velocity, strain and stress fields can be found to be

(7+ (x, t) = E£+ (x, t).

(21 b)

(21c)

(21d)

If Vb is determined. eqns (14) and (21) give complete analytical solutions to the field
variables in the partitioned-domains of the dynamic bar, which describe the essential feature
associated with localization. To find Vb and to explore the solution properties, the jump
forms of conservation laws, eqns (3) and (4), are used next.

Because x is equal to Vb(t-t L ) along the moving boundary, i.e. Xb(t) = vb(t-td, the
values of velocity and stress at both sides of the boundary can be expressed, with the use
of eqns (14) and (21), as functions of t only, namely,

(22a)

(22b)

and

(23a)

(23b)

respectively. The use of eqns (3), (4), (22) and (23) then results in two equations involving
two unknowns, p - (Xb) and Vb, with the assumption that p + (Xb) is equal to the original mass
density p. After rearrangement of the terms, these two equations can be represented by

(24)

and

(25)

in which eqn (24) has been employed to derive eqn (25) from eqn (4) so that eqn (25)
involves only one unknown Vb' Under the small deformation assumption, the products of
small quantities can be omitted so that a linear approximation for Vb follows from eqn (25),
namely,
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1 10 = (I - mlc. (26)

which is valid for 0.1 oS; fJ oS; 0.9 with strain being much less than I. Substituting eqn (26)
into egn (24) then yields the jump in mass density:

(27)

Similarly. the jumps in velocity and stress can be obtained with the use of egns (22). (23)

and (26).
As can be seen from eqn (27). LVJ = 0 at I =,c I,. if (I = 1:/l'e/2. It then follows from

eqns (3) and (4) that the jumps in field variables all become zero. due to Lp.J = O. In other
words, no localization occurs if the condition. {/ = 1:,1'2. is prescribed at x = L because
the magnitude of the stress \vave doubled at the rigid boundary. (J = E(a/IJ. just reaches
the limit strength. If the boundary condition is within the range of (D,r e 2) < (I < 1:,I"e'
however. localization starts to evolve at I = I,.. which introduces the jumps in mass density.
velocity and stress. For given a. these jumps at t = /, reach the values of

f 2(1+I.(/i--I:,)--21
c
(I:/-I:,)1LpJ = .1- ---_._... ~P

l /irJl-(.':,-I,)] j
(2Xa)

(2Xb)

(2Xc)

As can be observed from eqn (:?,ga). P ('h) < P (I-h) at I = /, because Ii» I:. although the
jump in mass density is small under the small deformation assumption. The decrease of
mass density inside the localization zone might be due to the increase ofmicrocraek density
associated with the evolution of localization. In addition. eqn (2Xc) indicates that the jump
in stress is finite but might not be small. although the continuous deformations in two zones
are small, respectively.

Since macro- and micro-experimental techniques elvailable eire unable to measure
detailed variations of deformations inside a localizeltion zone (Chen and Schreyer, 1994:
Chen and Wang, 1993), the analytical solutions presented here might provide a simple way
to identify model parameters. In fact. thc pelrtitioned-modeling approach with moving
jump conditions can be verified through experiments if the average strain and dimension
of a localization zone which is often very small eire measurable. For Ihe one-dimensional
case under static loading, analytical solutions obtained for nonlocal softening models
(Schreyer, 1990), which were verified by experimental data (van 1\1 ier. 19X4: Shah and
Gopalaratnam, 1985), provide an interesting example. To illustrate this. let us apply the
proposed approach to a static bar. elnd see how the model parameters associated with
localization can be determined via simple experiments.

2.3. Analytical solutions/ril· a sialic case
As illustrated in Fig. 3. the static bar is defined on a closed rectangle in the .'II-plane.

with t parameterizing the static loading process. At / < /1. a linear elastic stress-strain
relation yields an elliptic equation of the type

1l,,~~O (29)

which governs the whole bar. If the limit strength is reached at I = /[ and x = 0, the loss of
ellipticity is regularized by the initiation of a moving boundarY'\h = vh(I-I,). across which

SAS 32: 13-G
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+

o L
x

Fig. 3. Solution domains partitioned by a moving boundary for a static bar.

jumps in field variables occur with the evolution of localization. Two kinds of local models,
eqns (7) and (10) are then employed in the partitioned domains to the left and to the right
of the moving boundary, respectively. If the localization process is assumed to be of a
dynamic nature, eqn (II) holds inside the softening zone with the data given by eqn (12).
Outside the softening zone, eqn (29) is still valid for the following data:

(30a)

(30b)

(30c)

with CR denoting residual strain. As a result, two different elliptic equations with given data
govern the whole bar after the limit point is reached. It should be noted that load or
displacement can not be prescribed at x = L, because the post-limit response, including
snap-back or snap-through, cannot be traced without using an evolving-localization con
straint (Chen, 1993b; Chen and Schreyer, 1991). In fact, 11 (L, t) should come out of the
solution process, as shown next.

The displacement, velocity, strain and stress fields inside the localization zone are given
by eqn (14) since the same governing differential equation and data are used here as in the
dynamic case. The solution of eqn (29) for given data [eqn (30)] can be found by inspection
to be

(3Ia)

and corresponding velocity, strain and stress then take the forms of

(3lb)

(31c)
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It follows from eqn (31 a) that at t = tr,

1903

(3Id)

(32)

with SR = 0 and t'b(tF-tL) being the final width of the localization zone, which implies that
snap-back or snap-through would occur in the load-displacement space, i.e.
sIL ;" SrL'b(tF- tIJ, if the size of a localization zone is small compared to the whole bar.
Hence, a control signal must be taken from the localization zone instead of the load or
displacement level prescribed at x = L, if experimental data associated with the post-limit
response are required.

If Vh is determined, eqns (14) and (31) provide complete analytical field solutions of a
static bar in the post-limit regime. Similar to the dynamic case, the jump in linear momen
tum, eqn (25), is used here with cqns (14) and (31) at x = 1Jh(t - tL ). Under the small
deformation assumption, the same expression for Vh as in the dynamic case, eqn (26), is
arrived at for the rate-independent models used in the partitioned-domains. With the use
of eqns (24), (14) and (31), the jumps in mass density, velocity and stress can then be found
to be

(33a)

(33b)

(33c)

As can be seen, LpJ = LvJ = La-J = 0 at t = tu and these jumps at t = tFobtain thefollowing
values:

LvJ = l'e(l-{3)(c:/-I::R )

Lo'J = E[fi(B/-SI)-(SL -BR)]

(34a)

(34b)

(34c)

which exhibit the features similar to the dynamic case, eqn (28), except that the external
forcing function does not play any role here. The difference between the analytical solutions
for dynamic and static bars illustrates the fact that the post-limit response can be exper
imentally observed for a dynamic external forcing function applied at x = L but not for a
static one.

The analytical solutions presented here replicate the essential feature of localization
problems, i.e., degradation of material properties with evolving localized deformations.
They are comparable with the solutions obtained via other approaches (Chen, 1993a,b;
Schreyer, 1990; Schreyer and Chen, 1986), except the jump in stress field. This jump in
stress might be a macroscopic explanation of the driving force for a nonzero Vh' Since the
final size of a localization zone and the post-limit load~displacement curve are frequently
available, the only two parameters associated with the evolution of localization, tF and BF
or jJ, can be determined through simple bar tests.
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3. DISCLSS[OJ\,

Based on the essential features of localization phenomena. a partitioned-modeling
approach has been used to predict the evolution of localization via moving jump forms of
conservation laws in mass density and linear momentum. For the problems considered
here, the conservation in density and momentum implies that in energy. To illustrate thc
procedure, analytical solutions have been given for one-dimensional dynamic and static
problems. Although the uniqueness and stability as required by well-posed ness have not
been established on a sound mathematical foundation, the existencc of a mcaningful
solution is guaranteed if a moving boundary betwecn two domains of different constitutive
relations is defined. One domain involves material of original properties. and the other is
described by a degradation relation without unloading. The speed of the moving boundary
is determined through resulting jumps in field variables. Because the evolution of localized
deformations can also be predicted by those models of higher order terms in space and
time, there must be a relationship between the speed of the moving boundary and the
dispersion property of waves in higher order modes. A further study should be able to show
this relationship, which might provide an alternative means to determine the parameters in
the enhanced continua description.

Several assumptions, such as a boundary moving at constant speed. and small defor
mations with a constant strain field inside the localization zone, have been made to obtain
closed-form solutions. Although these assumptions might not be valid in many cases, a
heuristic path has been dcveloped via one-dimcnsional analytical solutions towards the
generalization of the proposed approach since the jump conditions can also be defined in
higher dimensions. Also, other solutions may be possible if these assumptions are modified.
In general, numerical methods must be invokcd to solve the difTerential equations governing
the partitioned-domains for given data. Thc solutions offield variablcs in conjunction with
jump forms of conservation laws can be used to determine the configuration of the resulting
solution domains via either an analytical or a numerical approach, depending on the specific
case considered. To trace the history-dependent material flow with phasc changes. a particle
scheme (Sulsky el aI., 1994) might provide an ellicicnt semi-discreti/ation procedure in
space for the partitioned-modeling approach via a moving boundary. As a result. a few
integration points might be enough to resolve localizcd large deformations within a small
zone, and a complete failure process. involving smeared arid discrete mechanisms (Xic et
a/., 1994), might be predicted for the safety assessment of large scale structures.
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